NOTATION

D/Dt = material derivative operator

= rate of strain tensor [= 1% (Vv + Vvt)]
function defined by Equation (2)
function defined by Equation (4)
function defined by Equation (4)
parameter in Equation (7)
thickness of sample in Couette flow
material point P

pressure
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shear rate
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On the Numerical Solution of Problems in
Multicomponent Distillation at the

Steady State |l

D. S. BILLINGSLEY
1BM, Houston, Texas

A modification is presented of the Kp method described by Holland. This modified procedure
exhibits substantially improved convergence characteristics when compared with the unmodified
procedure or with the classical bubble point approach. Further, it provides by far the fastest
algorithm known to the author., A second procedure for determining stoge temperatures is also
given. In this method, flow equations as welf as equilibrium relations are satisfied by the tem-
perature profile at each iteration. Next, an improved scheme for handling nonideal mixtures is
given. Finally, it is shown that a positive solution to the convergence acceleration equations of
Holland may not exist when this procedure is applied to a purity specification.

GENERAL PROCEDURE

In a previous paper (4), the author discussed certain
aspects of the procedure recommended by Holland (10)
for solving steady state multicomponent distillation prob-
lems. An improvement in this procedure is presented in
this paper, and a comparison is made between this im-
proved procedure and the method suggested by Boyum
{6). Subsequently, certain theoretical results concerning
the Holland correction procedure are obtained for the com-
plex distillation column,

The problem under consideration is the computation of
steady state values of liquid and vapor flows for each
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component on every stage of a perfectly insulated column
having one or more feeds and perhaps side-draw product
streams. Such a unit is termed a complex distillation column
and is schematically illustrated in Figure 1. The scheme this
author has found most effective for solving this type of
problem is outlined below [compare with Amundson and
Pontinen (2), Holland (10), Nartker et al. (13), Wang
and Henke (20)]:

1. Initial estimates of the phase flow and temperature
profiles are made. A standard initial estimate of the temper-
ature profile is obtained by adding all feeds to the unit
together component by component. The dew point and
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bubble point of this sum of feeds are assigned as reboiler
and condenser temperatures, respectively, and the tempera-
ture is assumed to vary linearly along the unit between
these two values.

2. The procedure of Thiele and Geddes (18) for solv-
ing the equilibrium and component flow equations is em-
ployed. The equations are arranged as suggested by Ball
(3). Details of this part of the solution have been given
previously (4). Authors currently examining this problem
appear to favor this procedure [see for instance Boyum
(6), Wang and Henke (20) and Friday and Smith (7)].

3. The flow rates of individual components are cor-
rected by the § method of Holland (10). Holland has
shown (11) that for a single stage, his ¢ factor is simply
the quantity V/L. Thus, for this correction, the entire unit
is treated as one compound stage. It has been this author’s
experience that this correction substantially accelerates con-
vergence in those problems which would converge without
it and brings about convergence in most problems which
would not converge otherwise.

4. The stage temperature is determined in a manner
explained subsequently. The temperature determination is
the least satisfactory part of any published scheme for
solving distillation problems. Although the method to be
described has been found to be a substantial improvement
over the use bubble or dew points and over the procedure
recommended by Boyum (6), it remains the least satisfac-
tory part of this scheme.

5. The phase rates are computed by the constant com-
position procedure stated by Holland (10). It should be
noted that the constant composition equations are prefer-
able not only because their denominators are unlikely to
create numerical problems, but also because they satisfy
the material balance for each component as well as the
appropriate heat balance. This author has found it satisfac-
tory and convenient to write all heat balance equations
around the hot end of the unit and the stage under consid-
eration, and solve at each stage for the smaller of the phase
flows as determined by the algebraic difference of the total
flows of external streams between the stage in question and
one end of the unit. The larger of this value, or one-tenth
of the value, last previously computed for this phase at the
stage being calculated is then used, and the other phase
flow at this stage is obtained by adding the known differ-
ence in phase Hows.

6. Items 2 through 5 are repeated in that order until
a solution is obtained. The term iteration will mean one
execution of items 2 through 5 in that order. Thus, each
such item is executed once per iteration. The term solution
will mean |1 — 2 K x| < 0.001 for each stage.

No proof of convergence is available for solution schemes
other than those of Greenstadt, Baird, and Morse (8, 9)
and of Naphtali (12) which require a sufficiently good
initial guess. Unfortunately, a sufficiently good initial guess
is normally unavailable. Therefore, the number and variety
of test problems which any proposed numerical method
has successfully solved is important. The method outlined
above has been tested on a set of over 220 problems
selected over a period of several years. Many, if not most,
of these problems were added to the set because some
distillation program failed to solve them. The procedure
just suggested has solved all of these problems. Testing on
problems in which the dew and bubble points of feeds

differ by more than 300°F., however, has not been exten-
sive.

STAGE TEMPERATURES

Attention is now to be focused on the calculation of stage
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temperatures. This has often been accomplished by use of
relative volatilities based upon one component denoted as
the base component [see, for instance, Holland (10) the
K, method]. Nartker, Skrygley, and Holland (13) have
shown that if the equilibrium ratio of the base component
is represented by the Antoine equation

In (Kp) =¢/T + ¢4 (1)

with ¢ and ¢, being computed for a hypothetical component
having K values about midway between the lightest and
heaviest components of the mixture, the K, method is
superior to the bubble point method for determining stage
temperatures. T is, of course, an absolute temperature. For
computational purposes, the K, method as described by
Holland (10) and by Nartker et al. (13) can be substan-
tially improved as follows. Let T, denote the bubble point
of a mixture and T denote an estimate of Ty. Suppose that
between T and Ty, Ki/Kp = «; for each component i. Now,
where x; = /L and L = 3; [;, the usual derivation is

l= 2 K; (To) %
L= 2 K(To) =Ky (To) 24 [Ki (To)/Ks (To)]k

1

~ Ky (T /Ky (T)] 24 Ki(T) b

which with trivial changes is the relation normally em-
ployed in the K, method.

The improvement previously mentioned is obtained by
substituting Equation (1) into the last previous expression
and by subsequently replacing the In with another function:

In{L /2 K; (T) li]%(c/To)—(C/T) (2)

Note that only the constant ¢ is now involved. Equation
(2) may be solved either for ¢ or T) to yield

Tom o /{ln [L/; K1<T>zi}+<a/r>} (3)

an
¢~ [Ty T/(T—To)]ln{L /tZKi(T)li] (4)

Since the entire derivation is based upon a fictitious com-
ponent, one might as well replace the In in Equation (3)
by some function f easier to calculate and which retains
certain salient properties of the In. The properties f should
possess in common with In are:

£(0) = — o

f(1) =0.0

f— o as the argument — «

f is monotone increasing with respect to the argument

One such function is

flg =(g-Dw+ (1-g7") (3)
where w is an arbitrary positive number. For w = 0.5,
Equation (3) becomes with

q=L/2Ki(T>zi

Ty~c/{0.5q + 0.5 — g~ 1+ (¢/T)}
Equations (6) are to be employed once each time a stage
temperature is to be computed.

The constant ¢ may be initially determined by using the
sum of feeds described previously and T = Ty + 50, say,
in Equation (4). One immediately suspects that it would
be desirable to let ¢ be a parameter and change it from
iteration to iteration. This is the case indeed. The computa-
tion required to decide upon a new value for ¢ should not

(6)

May, 1970



Fp
—————il
IC T Piate lpor ip
F L, PV
P [y lo
| |
I T Piate j,~1or Jp -l
L v,
];l ];'
Plate jsor s :[ P l
\' . —T W
! Lisl
Plate js-l or js~1 T l
V. L
ls-l/\/ I
T 7 Plate j+!
Vj-H L’;H
7 1 Plate j
v, L
j-1
f ; Plate j
v L.
i~ -l
L "”“/\/\/“”“
9 | 3 W

\485%

Fig. 1. Complex distillation column.

require a significant amount of time. Thus, the change in ¢
should be made to depend upon a few easily obtained
numbers which roughly indicate the success of the last two
or three preceding iterations. It has been found sufficient
to retain the multiplier 6, associated with the ratio di/b;
from step 3 above together with the temperature correction
of largest magnitude from the last preceding iteration. The
quantity 6 is retained from the last three preceding
iterations. Any number of empirical formulas may be de-
vised to relate a change in ¢ to these four quantities. Even
a somewhat crude formula will usually result in faster con-
vergence than that obtained by using the same value for ¢
in all iterations.

The procedure just described for determining stage tem-
peratures has been effective in about 989, of the problems
to which it has been applied. Its use as step 4 of the
algorithm previously outlined results in by far the fastest
algorithm known to the author; for instance, a 450 plate,
five component problem obtained from another company
required seventeen iterations and was solved in 2 min. on
an IBM 360/50 machine. Problems with around forty stages
and ten components usually require about 1% min. on the
same machine. It is, therefore, feasible to perform case
studies.

Friday and Smith (7) analyzed two types of algorithms
and concluded that one could be expected to fail whenever
more than about twenty stages were involved and that the
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other usually failed when the difference between the bubble
and dew points of a feed exceeded approximately 150°F.
The 29 of the cases not solved by the procedure described
so far all involved feed streams for which the bubble and
dew points differed by over 300°F., and all of these cases
were brought to a condition in which |1 — 3 K x| < 0.01
for each stage.

When |1 — 3 K x| < 0.01 on each stage, the corre-
sponding results are normally sufficiently accurate for en-
gineering purposes; however, one cannot absolutely rule
out the possibility of encountering a problem where the
effects of small but appreciable changes in the temperature
and phase flow profiles almost cancel each other in 3 K «.
In such a situation, appreciable changes in these profiles
might be required in order to reduce |1 — 3 K x| from
0.01 to 0.001. Further, as Boyum (6) so succinctly ex-
plains, there are problems which one cannot expect to solve
by any method in which the stage temperature is deter-
mined solely by the composition of the material on that
stage. Sujata (17) developed a very appealing scheme for
solving some of these problems, but Friday and Smith (7)
show the severe limitations of that approach, in which stage
temperatures were determined from heat balances.

A strategy which immediately suggests itself at this
point is to assume that one now has a sufficiently good
initial guess to permit Newton-Rapheson iteration on all
unknown quantities as suggested by Greenstadt et al. (8,
9) or by Naphtali (12). This approach is avoided for two
reasons; the first, purely aesthetic, is the idea of requiring
two programs to do the job of one. The second is that an
inordinate number of partial derivatives would be required,
considering that only the calculation of the temperature
profile needs improvement.

The needed improvement can be obtained by manipula-
tion of the tridiagonal equations expressing the equilibrium
and flow relations for each individual component. When
written as in reference 4, these relations may be placed in
the matrix-vector form

Zi =g (7)
where
T = (v, Vig—1 ..., 0)7
Qi = (oy-1, 0y-3, ..., w00)7T
Zi = (zmn>i
and
(A)i—n+ 1, m=n
— 1, m+1=n
Zmni = (A) g—n, m—1=n
0 otherwise

(A)jen=Li_n/[Vicn+1 K (Ty-2)]

Note that w;; is zero except when stage f is a feed stage.
If side draws are present, some of the zu.; have different
forms as shown in (4). Equation (7) has been used by
numerous authors (2 to 4, 7, 10, 19) to determine the v;;.
It will now be used to determine the temperature profile.
The resulting computational procedure is equivalent to
that of Newman ‘(14), but unlike Newman’s, the relations
obtained here do not depend explicitly on unknown com-
positions, and explicit expressions are obtained for all
required partial derivatives. To this end define

V= (Vy, Vg, ..., V)T

V-3

1

Then
T = 2 Zt (8)
Now, if the withdrawal rate of each product stream is

fixed, specification of L;/V; for each stage { is tantamount
to specifying V. Hence, Equation (8) may be solved by
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Newton’s method to obtain the corresponding temperature
profile. This solution will satisfy all the equilibrium rela-
tions as well as all the component flow (and hence phase
flow) relations. In contrast to this, the temperature profile
obtained by bubble or dew point evaluations does not
satisfy the flow relationships. Equation (8) is the multi-
dimensional (multistage) analogue of the well-known iso-
thermal flash equation. Of course, by using the relation
l;; = Aijvij+1 together with a specified set of L;/V; ratios,
Equation (8) may be converted to a form in which only
the liquid-phase flows appear, and this may be combined
with Equation (8) to provide an expression in which
phase flows appear only as L;/V;., ratios.

What makes Equation (8) particularly useful is the
manner in which the Newton-Rapheson iteration may be
carried out. To this end define

A=V — 2 Zi~t o (9)
and
T=(Tj—1,Tss, ..., Ty, To)T
-T—O = (TOJ—I: TOJ—*Z) s eny Tloa Tjo)T
so that
A=A (T)
and _ _
0=A(T°)~A(T)+ [N (T)][T°-T] (10}
where
A= (aA/aT_]_l, aA/aTJ——Z, ey aA/aTo)
From Equation (9)
0 Z;
——i = Zi_l —_— Zi—l Q; (11)
oT, ; T,

[See, for instance, Pease (16) concerning the differentia-
tion of negative powers of matrices.] Now the product
Z;7! ; is simply the solution to Equation (7) and may
thus be obtained by the very fast and simple algorithm for
Gaussian elimination in the case of a tridiagonal matrix.
See in this regard Peaceman and Rachford (15), Ames
(1), or the author’s previous paper (4). Next, inspection
shows that the matrix dZ;/9T, contains at most two non-
zero elements, and hence the product vector

Z;
T,

contains only two nonzero elements. Finally, we have
Z;~! @y to evaluate, and this may, of course, be done in
the same way as was Z;™! @;. Thus, the evaluation of the
vectors 9A/8Tn, n = 0, 1, ..., ] — 1 may be very conveni-
ently accomplished. Equations (10) and (11) are then
solved alternately within step 4 above until A(T) = 0.
The switch from Equations (6) to Equations (10) and
(11) has been made when the multiplier 6, associated with
the ratio di/b; from step 3 above was such that |8, — 1| <
0.01. Under these conditions, Equation (10) has usually
been solved two to eight times to obtain the next tempera-
ture profile in step 4, and in these cases two to six addi-
tional jterations (as defined in step 6 above) have been
required to solve problems which were not solved by an
additional fifty iterations by using Equations (6) in step
4. It is emphasized, however, that only a few problems
requiring Equations (10) and (11) have been encountered.
It is informative to compare the use of Equations (10)
and (11) with the procedure of Tirney and Bruno (19).
For the case of constant molal overflow, they have derived
equations for corrections to the temperature profile which
include the effects of changes in composition on any and
all stages. Their results show quadratic convergence close
to the solution, and the same is true of Equations (10) and

Z;7t

Tin =
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(11); however, these equations contain no explicit refer-
ence to the flow rates of individual components (for exam-
ple, vi;). Tirney’s and Bruno’s Equation (26), as pointed
out by the authors, does require compositions which are
unknown at the time the equation must be used. They
employ a reasonable but arbitrary normalization to estimate
the necessary values; Equations (10) and (11) obviate this
drawback.

For purposes of comparison, Boyum’s (6} cascade
method was programmed and tested by using the data
for his problem 4a. Boyum’s suggested procedure was used
because therein the temperature correction for each stage is
obtained by solution of the adiabatic flash equations for
that stage, thus making the correction depend upon the
energy balance, among other things. This procedure did,
indeed, converge for Boyum’s problem 4a. It was then
tested on a selection of five problems from the test set
previously mentioned. These five were difficult in that they
required between thirty-five and forty iterations to solve.
Boyum’s method did not solve any of these problems in
sixty iterations, nor were the results close to a solution after
sixty iterations. As a result, no further testing of this pro-
cedure was carried out.

NONIDEAL MIXTURES

Boyum (6) repeatedly returns to the point that various
schemes for solving multicomponent distillation problems
fail to allow the equilibrium values to depend upon com-
position. The experience of this author is that this short-
coming is more apparent than real. On the other hand, non-
ideal mixtures have often been handled by the brute force
method of simply inserting a comparatively lengthy routine
for computing a composition dependent equilibrium value
and invoking this routine whenever such a value was
needed. The following procedure requires much less com-
putational effort than the brute force method and has been
successfully employed:

1. Using the standard temperature profile previously
described, perform an isothermal flash calculation of the
sum of feeds at some or all of the temperatures in the pro-
file. Use the full composition dependent equilibrium rela-
tions. This provides for each component a profile of equi-
librium values between the bubble and dew points of
the sum of feeds.

2. For each component, extrapolate this profile using
the Antoine equation In(Kz) = [¢/(T — ¢o)] + c1. Re-
arrangement of this equation provides linear relations for
evaluating ¢, ¢o, and ¢; in terms of known pairs of corre-
sponding values of K and T.

3. For each component, approximate the extended equi-
librium profile by a power series in temperature alone. Note
that an initial estimate of the composition dependence is
now implicit in the coeflicients of the power series. A useful
form for this series is

4
K P ==

Yin T"

n=0

where T is an absolute temperature and p is usually 1.0.
The fourth root substantially reduces the required dynamic
range of the series and also prohibits calculation of a nega-
tive value for K;.

4. Use the power series just as if the equilibrium ratios
were independent of temperature and carry out iterations
on the distillation problem until the correction factor fy
associated with the ratio di/b; is such that |8, — 1 < 05

5. The first time |6y — 1| < 0.5 or after step 6 use the
compositions of the liquid and vapor at some or all of the
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stages to develop a new equilibrium profile for each com-
ponent. Then repeat steps 2 and 3.

6. Resume iterations on the distillation problem using
the new power series expressions for equilibrium values.
Continue until the iterations converge and then repeat
steps 5 and 6 once more.

The same strategy is obviously useful for including heats
of mixing in the liquid enthalpy values and pressure effects
in the vapor enthalpy values.

EXISTENCE OF HOLLAND CONVERGENCE FACTORS

The convergence acceleration procedure of Holland re-
quires that a particular set of equations possess a vector
solution each element of which is nonnegative. The equa-
tions can take one of several different forms depending
upon the type of specification made. It can be shown (5)
that if the total withdrawal rate of each product stream is
specified, then a positive solution of the Holland equations
will always exist at every iteration. It is perhaps not widely
recognized however, that for other types of specifications,
purity specifications, for instance, the Holland equations
may fail to possess the required positive solution. Consider
by way of example distillation of a binary mixture in a
column having no side draws and where the mole fraction
x; of one component is specified for the bottom product.
The equation for the Holland correction factor at any itera-
tion in this simple situation is readily developed as follows:

% = by/(by + by)
b;=fi/[1+ 68(d/by).], i=1,2
[(1 — ;) (da/b2) fr — %1 (di/b1) f210 = (fr + f2)%1 — f1

(12)
Suppose for example
X1 = 0.1
f1 =80.0
fz = 20.0

Then, from Equation (12)
8= 35 [(dl/bl)c - 36 (dz/bg)c]_l

so that at any iteration in which (di/b,), < 36 (da/by),,
8 < 0. Note further that simply setting § = 0 is unsuitable,
since then b; = f; and there is no distillate. Obviously, if
(dy/by) < 36 (da/by) in the actual separation, another
method is required. A similar argument may be applied to
situations where a product temperature is specified.

NOTATION

Aij = stripping factor, Aij == Lj/[Vj+1 K; (TJ)] =
i1/l

b, b; = flow rate of component i in the liquid product

leaving the hot end (bottom) of the unit

B = total flow rate of the liquid stream leaving the
hot end (bottom) of the unit, B = 3; b;

c = constant in Equations (1) through (6)

¢y, ¢; = constants in the Antoine equation '

d,d; = flow rate of component { in the product leaving
the cool end (top) of the unit

fi = rate of feed of component {

K, K; = equilibrium ratio for component i

I, I = flow rate of component i in the liquid leaving
stage f

L, L; = total flow rate of liquid leaving stage j

P = power to which the total pressure is raised in the
expression K #* = ¢ (T)

T, T;, T°, T;°, Ty = absolute temperature

T, T° = vector of absolute temperatures defined after
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Equation (9)

v;, vy = flow rate of component ¢ in the vapor entering
stage j

V,V; = total flow rate of vapor entering stage j, V = = v;

\4 = vector of total vapor flow rates defined prior to
Equation (8)

w = weighting factor in Equation (5)

X = mole fraction of component i in a liquid mixture

Zmni = variable defined after Equation (7)

Z; = matrix having as its m, n*h element zyn;

Greek Letters

vin = coefficient of T" in power series expression for
Zxd

0o = factor defined .in references 4 and 10 such that
di/b; = (di/bi), 6

A = vector function defined by Equation (9)

E = total pressure

@ = matrix-vector product defined after Equation (11)

T = vector of flow rates of individual components in
vapor streams, defined after Equation (7)

wij = flow rate of external feed of component i to
stage §

o; = vector having w;; as its jth element, defined after
Equation (7)

Subscript

c = the last previously computed value of the quan-
tity to which it applies

T = transposition
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